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ABSTRACT 
A power l oss  p r e d i c t i o n  method p rev ious l y  developed by the  authors was 
cr) 
h 
? (u extended t o  i nc lude  i n v o l u t e  spur gears o f  nonstandard propor t ions .  The method 
I w 
can now be used t o  analyze the  e f f e c t s  o f  mod i f ied  addendum, t o o t h  th ickness, 
and gear center  d ls tance i n  add l t i on  t o  t h e  parameters p rev ious l y  considered 
which inc luded gear diameter, p i t ch ,  pressure angle, face width,  o i l  v i s c o s i t y ,  
speed and torque. P a r t l c u l a r  emphasis i s  p laced on h igh  contac t  r a t i o  gear ing 
( con tac t  r a t i o s  g rea ter  than two). Despi te  t h e i r  h igher  s l i d i n g  v e l o c l t i e s  
h igh  contac t  r a t i o  gears can be designed t o  l e v e l s  o f  e f f i c i e n c y  comparable t o  
those o f  convent ional  gears w h i l e  r e t a i n i n g  t h e i r  advantages through proper 
s e l e c t i o n  o f  gear geometry. 
SYMBOLS LIST 
a addendum, m ( i n . )  
AR addendum r a t i o  
constants o f  p r o p o r t i o n a l i t y  
r o l l i n g  t r a c t i o n  force, N ( l b f )  
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s l i d i n g  force,  N ( l b f )  
face  w id th  o f  too th ,  m ( i n . )  
c o e f f i c i e n t  o f  f r i c t i o n  
dimensionless ma te r ia l  parameter, E'u 
dimensionless f i l m  th ickness (eq. ( 4 ) )  
isothermal  c e n t r a l  f i l m  th ickness,  m ( i n . )  
I 
w(m + 1) 
gear capac i ty  f a c t o r  K = 
OPmg 
e l l i p t i c i t y  parameter 
gear r a t i o ,  N /N 
number o f  gear t e e t h  
r o t a t i o n a l  speed, rpm 
power loss  due t o  r o l l i n g  t r a c t i o n ,  kW (hp) 
power loss  due t o  t o o t h  s l i d i n g ,  kW (hp)  
power loss  due t o  windage., kW (hp) 
d iamet ra l  p i t c h  
p i t c h  c i r c l e  rad ius  
dimensionless speed parameter 
sur face v e l o c i t y ,  m/sec ( i n . / sec )  
s l i d i n g  v e l o c i t y ,  V - V m/sec ( in . /sec)  
r o l l i n g  v e l o c i t y ,  V t V m/sec ( in . /sec)  
2 dimensionless load parameter, FH/E 'Rx  
gear contac t  normal load, N ( l b f )  
pa th  o f  contact  d is tances 
9 P  
9 P'  
9 P '  
dimensionless r a t i o  o f  f i l m  th ickness t o  composite surface 
roughness 
2 l u b r i c a n t  absolute v i s c o s i t y ,  N sec/m (cp)  ( l b f  
2 sec/ in  ) 
thermal reduc t ion  f a c t o r  
Subscr ip ts  : 
9 gear 
P p i n i o n  
R r o l l i n g  
S s l i d i n g  
0 ambient cond i t ions  
Superscr ip ts :  
(7 average value 
INTRODUCTION 
A n a l y t i c a l  eva lua t i on  o f  spur gears designs f o r  e f f i c i e n c y  has been r u d i -  
mentary i n  the  pas t  due t o  the  lack o f  a technique t h a t  could assess the  many 
des ign va r iab les  (1,2). I n  (3 ,4 )  a technique was descr ibed t h a t  inc luded the  
major des ign va r lab les  requ i red  for standard i n v o l u t e  spur gears. 
however, gears a r e  f requent ly  deslgned w i t h  nonstandard propor t ions .  These 
v a r i a t i o n s  Inc lude  mod i f ied  addendums, t o o t h  th ickness v a r i a t i o n s  and opera t ion  
I n  p r a c t i c e ,  
on nonstandard gear centers  e l t h e r  by design o r  as a f u n c t i o n  o f  opera t ing  
cond i t i ons .  The ana lys i s  described i n  R e f s .  3 and 4 i s  r e a d i l y  adaptable f o r  
these mod i f i ca t i ons  and as such i s  t h e  sub jec t  o f  t h i s  work. 
A r e l a t e d  sub jec t  i s  t h e  analys is  o f  h igh  contac t  r a t i o  (HCR) gears s inc 
they a re  a c t u a l l y  one f o r m  o f  nonstandard spur gears. 
ce ived much a t t e n t i o n  f o r  use i n  a i r c r a f t  a p p l i c a t i o n  due t o  t h e i r  increased 
load capac i ty  and smoother operat lng c h a r a c t e r i s t i c s  (5-8) .  A major concern 
These gears have re -  
i s  whether o r  n o t  they can be deslgned t o  p rov ide  equ iva len t  e f f i c i e n c y  w h i l e  
t a k i n g  advantage o f  these benef i t s .  This quest ion can now be d e a l t  w i t h  
3 
a n a l y t i c a l l y  w i t h  the  extens ion of the  standard gear power l oss  ana lys i s  t o  
nonstandard gears. 
GEAR POWER LOSS ANALYSIS 
The method u t i l i z e d  here f o r  c a l c u l a t i o n  of e f f i c i e n c y  was descr ibed i n  
d e t a i l  i n  Refs. 3 and 4 as app l ied  t o  spur gears of standard propor t ions .  I t  
I s  app l i cab le  t o  spur gears which a re  j e t  o r  splash l u b r i c a t e d .  
es o f  gears running submerged i n  o i l  a re  no t  considered. The ana lys is  con- 
s ide rs  s l i d i n g  losses, which a re  the r e s u l t  o f  f r i c t i o n  fo rces  developed as the 
t e e t h  s l i d e  across each other,  r o l l i n g  losses r e s u l t i n g  f rom the  fo rmat ion  o f  
an elastohydrodynamic (EHD)  f l l m  and windage l o s s e s  of bo th  gears sp inn ing i n  
an o i l y  atmosphere. 
Churning loss-  
The s l i d i n g  and r o l l i n g  losses w e r e  ca l cu la ted  by numer ica l l y  i n t e g r a t i n g  
the  instantaneous values o f  these losses across the  path o f  contact .  The f r i c -  
t i o n  c o e f f i c i e n t  used t o  c a l c u l a t e  s l i d i n g  l oss  was based on d i s k  machine data 
generated by Benedict and K e l l y  ( 9 ) .  This f r i c t i o n  c o e f f i c i e n t  expression i s  
considered t o  be app l i cab le  i n  the  EHD l u b r i c a t i o n  regime where some a s p e r i t y  
con tac t  occurs, t h a t  i s ,  f o r  A r a t i o s  l ess  than two ( A  = r a t i o  o f  minimum EHD 
f i l m  th ickness t o  composite sur face roughness). 
based on d i s k  machine data generated by Crook (10) .  
r o l l i n g  l oss  was simply a constant  value m u l t i p l i e d  by the  EHD c e n t r a l  f i l m  
th ickness.  Gear t o o t h  f i l m  th ickness was ca l cu la ted  by the  method o f  Hamrock 
(11) and adjusted f o r  thermal e f f e c t s  us ing  Cheng's thermal reduc t ion  f a c t o r  
I n  Re f .  3 r o l l i n g  losses were 
Crook found t h a t  the  
( 1 2 ) .  A t  h igh p i t c h  l i n e  v e l o c i t i e s  isothermal  equat ions such as Hamrock's 
w i l l  p r e d l c t  abnormally h igh  f l l m  th ickness s ince shear heat ing  i s  no t  
considered. Cheng's thermal reduc t ion  f a c t o r  w i l l  account f o r  the  i n l e t  shear 
heat ing  and reduce the  f i l m  th ickness accord ing ly .  
a re  n o t  considered. 
I n l e t  s t a r v a t i o n  e f f e c t s  
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Gear Power Loss Equations 
The equat ions developed i n  Ref. 3 are  reviewed here and extended t o  
i n c l u d e  nonstandard and HCR gears. The method developed i n  Ref. 3 i s  l i m i t e d  
t o  contac t  r a t i o s  l ess  than two. 
F lgure  l ( a )  shows the  t o o t h  load d i s t r i b u t i o n  u t i l i z e d  i n  t h i s  ana lys i s  
f o r  gears w i t h  contact  r a t i o s  between one and t w o .  The t e e t h  a re  assumed t o  be 
p e r f e c t l y  r i g i d  and p e r f e c t l y  machined thus c r e a t i n g  abrupt  changes i n  t o o t h  
load as one o r  two t e e t h  come i n t o  contac t .  The e f f e c t  o f  con tac t  r a t i o  can be 
seen i n  t h i s  f i g u r e  as the  propor t lon  o f  t i m e  t h a t  t he  load i s  shared by two 
t e e t h  r e l a t i v e  t o  t h a t  f o r  one. 
i s h  b u t  t he re  a re  power l oss  con t r i bu t i ons  from mesh one and th ree  t h a t  must 
be considered as w e l l .  F igure  l ( b )  shows the  analogous load d i s t r i b u t i o n  f o r  
con tac t  r a t i o s  between two and three where e i t h e r  two o r  th ree  t e e t h  share the  
load. Here the  t o o t h  loads are  lower  due t o  the  grea ter  number o f  t e e t h  shar- 
i n g  t h e  load bu t  now the re  a re  f i v e  mesh contacts  c o n t r i b u t i n g  t o  the  gearset 
power l oss  over one t o o t h  mesh cycle. 
Mesh t w o  i s  belng analyzed from s t a r t  t o  f i n -  
The sub jec t  o f  ac tua l  t o o t h  loading versus t h e  assumed r l g i d  p r o f i l e  i s  
d iscussed i n  a l a t e r  sect ion.  Contact r a t i o s  g rea te r  than th ree  a re  no t  
considered. Extension o f  t he  previous ana lys is  t o  HCR gears was main ly  a 
ma t te r  o f  being ab le  t o  spec i fy  t h e  a d d i t i o n a l  changes i n  load as shown i n  
F ig .  l ( b ) .  A l l  bas ic  equations other than the  c a l c u l a t i o n  o f  load a re  s t i l l  
app l i cab le .  
S l i d i n g  Force. - The instantaneous f r i c t i o n a l  f o r c e  due t o  s l i d i n g  o f  t w o  
gear t e e t h  aga ins t  each o ther  i s  
Fs(x) = / h ) w ( X )  ( 1  1 
The f r i c t i o n  c o e f f i c i e n t  i s  ca lcu la ted  by the  method o f  Benedict and K e l l y  ( 9 )  
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C1 = 29.66 (SI units) 
= 45.94 ( U . S .  customary units) 
Rolling Force. - The instantaneous force due to build up of the EHD film Is 
FR( = C2h( X)qt( x)fl (3) 
7 C2 = 9.0~10 (SI units) 
4 
= 1 . 3 ~ 1 0  ( U . S .  customary unlts) 
The gear contact film thickness is calculated by the method of Hamrock and 
Dowson (11). 
1 (4) -0.73k (1 - 0.61 e h 0.6760.53w-0.067 = 2.69 U ” = q 
A thermal reduction factor, qt, developed in Ref. 
hlgh speeds. 
Sliding and Rolling Power Loss. - The instantanea 
loss can be expressed as 
12 
I S  
is used 
liding 
= (SI units) c2 
4 
= 1.515XlO ( U . S .  customary units) 
6 
to limit h at 
nd rolling power 
Average s l i d i n g  and r o l l i n g  power loss f o r  contact  r a t i o s  between one and 
- two. - The path o f  con tac t  1 s  d iv ided i n t o  th ree  sect ions corresponding t o  the 
changes i n  the  normal load. The m u l t i p l i c a t i o n  f a c t o r s  a re  due t o  the  e f f e c t s  
o f  load  shar ing as shown i n  Fig.  l ( a ) .  
Average s l i d i n g  and r o l l i n g  power loss  f o r  contact  r a t i o s  between two and 
th ree .  - Here the  pa th  o f  contact  i s  d i v ided  i n t o  f i v e  sect ions due t o  the  more 
f requent  changes i n  load. 
(7) 
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Windage Loss Expressions: 
M o d i f i c a t l o n  of  Equations f o r  Nonstandard I n v o l u t e  Spur Gears 
The a d d i t i o n a l  features inc luded i n  t h i s  ana lys i s  t h a t  a l l o w  c a l c u l a t i o n  
o f  nonstandard gears are:  1 )  addendum mod i f i ca t i ons  ma in ta in ing  p i t c h  c i r c l e  
t o o t h  thickness (modi f ied c u t t e r  addendum); 2) addendum m o d i f i c a t i o n s  accom- 
panied by changes i n  p i t c h  c i r c l e  t o o t h  th ickness ( t o o l  s h i f t ) ;  and 3) opera- 
t i o n  o f  gears on nonstandard center  distances. Mod i f i ca t i ons  t o  the  dedendum 
or  c learance do no t  a f f e c t  e f f i c i e n c y  as ca l cu la ted  above. A standard c l e a r -  
ance o f  0.35/P was maintained throughout t h i s  I n v e s t i g a t i o n  unless noted. 
Dedendum mod i f i ca t i ons  may a f f e c t  e f f i c i e n c y  by a l t e r i n g  the t o o t h  load d I s -  
t r i b u t i o n  but  s ince a r i g i d  t o o t h  load p a t t e r n  i s  assumed i n i t i a l l y ,  the 
dedendum i s  not jmportant.  T i p  round o r  p r o f i l e  m o d i f i c a t i o n  was n o t  con- 
s idered d i r e c t l y  but  can be inc luded i n  the  form o f  a decreased addendum. 
P in ion  and gear addendum can be s p e c i f i e d  independently as fo l l ows :  
a = (AR t ER)/P (9) 
where AR = addendum r a t i o  = (a ) (P )  when ER = 0 
ER = t o o l  s h i f t  r a t i o  = ( e ) ( P )  
e = a c t u a l  t o o l  s h i f t  
An addendum modif ied by a change i n  AR does no t  change the  t o o t h  th ickness 
and i s  accomplished by us ing a c u t t e r  w l th  a g rea te r  whole depth than standard. 
The gear blank ou ts ide  diameter must be enlarged t o  a l l o w  f o r  t he  extended 
addendum. Addendum can be increased by t h i s  method u n t i l  t h e  t i p  of t he  t o o t h  
8 
~ ~ 
P = C 3  ( t 2.3 k) n2.8R4'6(0.028p t C4) 0.2 
W.P P P  
pw.g = C3 (I t 2.3 b) k)2'8 R:*6(0.028p t C 4 ) O V 2  
becomes po in ted  (see F ig .  2 (a) )  o r  u n t i l  the  mat ing gear can no longer  be 
fab r i ca ted  due t o  c u t t e r  th ickness.  
r e q u i r e  a change i n  mounting distance. 
Mod i f i ca t i ons  t o  the  addendum by AR do no t  
The second method commonly used t o  increase o r  reduce the  addendum i s  
c u t t e r  t o o l  s h i f t  where the  c u t t e r  i s  he ld  out  t o  increase the  addendum o r  he ld  
i n  t o  reduce t h e  addendum. A t oo th  t h a t  i s  he ld  ou t  i s  t h i c k e r  a t  t he  nominal 
p i t c h  diameter (see F ig .  2(b))  r e s u l t i n g  i n  a s t ronger  too th .  I f  the  p i n i o n  
i s  h e l d  ou t  by the  same amount t h a t  the  gear i s  he ld  i n ,  then the  gears a re  
r e f e r r e d  t o  as long and sho r t  addendum gears. These gears w i  1 operate on the  
standard center  d is tance bu t  t he  operat ing p i t c h  diameter w i l  
undercut i n  p in ions  w i t h  small numbers o f  t ee th .  
p i n i o n  i s  he ld  ou t  so t h a t  t h e  p in ion  bending s t reng th  can be more c l o s e l y  
matched t o  t h a t  o f  t he  gear. 
s h i f t  by the 
Frequent ly,  however, on ly  the 
I n  t h i s  s i t u a t i o n  t h e  mounting d is tance must be 
increased t o  a l l o w  f o r  t he  d i f f e rence  i n  t o o t h  th ickness o f  the  p in ion .  
The gear geometry equations were a l s o  mod i f ied  t o  account f o r  opera t ion  a t  
The p rev ious l y  developed nonstandard center  d is tances fo l l ow ing  K h i r a l l a  (13) .  
e f f i c i e n c y  equat ions o f  Ref. 3 can s t i l l  be used i f  t h e  opera t ing  pressure 
angle and the  opera t ing  p i t c h  diameter a re  used i n  p lace  o f  t he  nominal values. 
The e f f e c t  o f  i nc reas ing  the  center d is tance f r o m  standard i s  t o  increase both 
the  pressure angle and the  p i t c h  dlameter. This r e s u l t s  i n  increased backlash 
and lower contac t  r a t i o .  Tool s h i f t  can be used t o  remove the  backlash bu t  the  
changes i n  pressure angle and p i t c h  diameter remain. 
The mod i f ied  gear geometry equations were used t o  c a l c u l a t e  the  i ns tan ta -  
neous r o l l i n g  and s l i d i n g  power l o s s  a t  each p o i n t  a long the  path o f  con tac t .  
The r e s u l t s  presented i n  the  fo l l ow ing  sect ions represent  an average power 
l oss  obtained f rom a numerical i n t e g r a t i o n  o f  Eqs. 6 and 7. 
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The power loss  of HCR gears i s  ca l cu la ted  by Eq. 7. Th is  equat ion 
represents  a computer subrout ine independent o f  t h a t  used by Eq. 6 f o r  low 
contac t  r a t i o  gears. As w i l l  be shown l a t e r  the  two subrout ines produce con- 
t inuous  resu l t s  passing from low t o  h igh  contac t  r a t i o s .  
POWER LOSS OF NONSTANDARD GEARS 
I n  Refs. 4, 14 and 1 5  the  e f f e c t s  o f  many gear geometry and opera t ing  
va r iab les  on e f f i c i e n c y  were inves t iga ted .  The purpose here i s  t o  determine 
the  r e l a t i v e  importance o f  t he  a d d i t i o n a l  parameters considered above on gear 
power loss .  To demonstrate these e f f e c t s  a low contact  r a t i o  gearset opera- 
t i n g  under a f u l l y  loaded c o n d i t i o n  (K- fac to r  = 991) was se lected.  Using t h i s  
gearset  as a basel ine,  changes were made i n  addendum r a t i o ,  pressure angle, 
d iamet ra l  p i t ch ,  center  d is tance,  t o o l  s h i f t  r a t i o ,  diameter and o v e r a l l  gear 
r a t i o .  Since c a l c u l a t i o n  o f  e f f i c i e n c y  o f  HCR gears i s  a l s o  an o b j e c t i v e  here, 
t he  e f f e c t s  o f  these parameters on contact  r a t i o  were a l s o  inc luded.  The base- 
l i n e  gearset se lected here i s  gear L f rom Staph's ana lys is  o f  HCR gears (16) .  
I t ' s  geometry appears i n  Table I. This gearset geometry was chosen s ince i t  
had the  highest e f f i c i e n c y  o f  the  s i x  Staph analyzed. 
Addendum r a t i o  - The e f f e c t s  o f  changing addendum r a t i o  on power l oss  and 
contac t  r a t i o  a re  shown i n  F ig .  3. Thls i s  one o f  two methods t h a t  a r e  very 
e f f e c t i v e  i n  ob ta in ing  HCR gears. The HCR gear i s  no t  an unusual gear i n  t h a t  
the  addendum r a t i o  need on ly  be increased t o  1.2 f rom the  standard value o f  1.0 
t o  o b t a i n  a contact  r a t i o  o f  t w o  i f  bo th  p i n l o n  and gear addendums a re  mod i f ied  
equa l ly .  
increased t o  1.3. A problem w i t h  HCR gears i n  general  i s  t h a t  t he  s l i d i n g  
v e l o c i t i e s  increases s i g n i f i c a n t l y  as the  contac t  r a t i o  i s  increased as shown 
i n  F ig .  4. This increased s l i d i n g  v e l o c i t y  leads t o  h lgher  power l oss  even 
though the  load i s  shared by th ree  t e e t h  ins tead of two du r ing  the  h igh  
I f  only  t h e  p i n i o n  o r  gear a re  mod i f ied  t h e  dedendum r a t i o  must be 
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s l i d i n g  phases. 
t he  addendum r a t i o  increased. 
i n  Ref. 16. 
This i s  the  reason f o r  the  steady increase i n  power loss  as 
Higher sur face temperatures a r e  a l s o  p red ic ted  
Pressure angle - Another e f f e c t i v e  method o f  ob ta ln ing  h igh  contac t  r a t i o  
i s  a decrease t h e  pressure angle. For the  base l ine  gear L, the  pressure angle 
a t  a contac t  r a t i o  o f  two i s  approximately 19". The length  o f  the  path o f  
con tac t  increases more r a p i d l y  than t h e  base p i t c h  as the  pressure angle i s  
decreased r e s u l t i n g  i n  a h igher  contact  r a t i o .  Again the  s l i d i n g  v e l o c i t y  
increases w i th  increases i n  contact  r a t i o  r e s u l t i n g  i n  h igher  power l oss  
(F ig .  5 ) .  Lowering the  pressure angle a l so  increases bending and compressive 
s t resses because t o o t h  th ickness i s  reduced. Use o f  addendum r a t i o  t o  o b t a i n  
h igh  contact  r a t i o ,  on the  o ther  hand, a c t u a l l y  lowers bending s t ress  and on ly  
s l i g h t l y  increases compressive s t r e s s .  
r a t i o  and opera t ing  stresses f o r  a g iven a p p l i c a t i o n .  
Diametral  D i t c h  - I n  Fig. 5 the e f f e c t s  o f  changing d iametra l  p i t c h  a re  
A balance must be found between contac t  
a l s o  shown. A constant  p i t c h  diameter o f  12.7 cm was maintained w h i l e  changing 
the  number o f  t e e t h  on the gears. The s i g n i f i c a n t l y  lower power loss  i s  due t o  
t h e  lower s l i d i n g  v e l o c i t i e s  produced by the  f i n e  p i t ched  gears. This lower 
power l oss  m u s t  be balanced by the increased bending s t ress  found w i t h  f i n e r  
p i t c h e d  tee th .  Compressive stresses do no t  increase as r a p i d l y .  F iner  p i t ched  
gears have h igher  contac t  r a t i o s  than coarse p i t ched  gears f o r  t he  same p i t c h  
diameter b u t  t he  e f f e c t  o f  changing d iamet ra l  p i t c h  on contac t  r a t i o  i s  n o t  as 
g r e a t  as changing addendum r a t i o  or pressure angle. 
A summary o f  t he  e f f e c t s  of addendum r a t i o ,  pressure angle and p i t c h  on 
con tac t  r a t i o  a r e  shown i n  Flg.  6 f o r  a gear diameter o f  10.2 cm and a gear 
r a t i o  o f  1. 
t h a t  a l l  curves were s h i f t e d  toward h igher  contac t  r a t i o s .  
i s  q u i t e  easy t o  ob ta in  contact  r a t i o s  g rea ter  than t w o  w i t h  on ly  s l i g h t l y  
S i m i l a r  r e s u l t s  were obtained a t  a gear diameter o f  406 cm except 
I t  appears t h a t  i t  
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increased addendums f o r  gears w i t h  pressure angles o f  20" o r  l ess .  
pressure angle gear i s  b a s i c a l l y  an HCR gear. F ine r  d iametra l  p i t c h  a l s o  helps 
t o  increase contact  r a t i o .  
The 14.5" 
Nonstandard centers - Fig.  7 shows t h e  e f f e c t s  o f  operat ing the basel ine 
gearset on nonstandard centers.  
i n g  the  gear centers w h i l e  a l l o w i n g  the  backlash t o  increase and the other  
shows t h e  e f f e c t  o f  t a k i n g  up the  backlash by i nc reas ing  t o o t h  th ickness w i t h  
t o o l  s h i f t .  The t o o l  s h i f t  r equ i red  t o  remove t h e  backlash i s  very small  ( E R  = 
0.2) on both gears a t  a center  d is tance o f f s e t  o f  0.5 m. The changes i n  power 
l oss  and contact  r a t i o  are r e l a t i v e l y  small  e s p e c i a l l y  i f  backlash i s  removed. 
By operat ing a standard gear a t  extended centers,  t h e  contact  r a t i o  decreases 
due t o  a shortening o f  t he  l eng th  o f  t he  pa th  o f  contact  and as a r e s u l t  power 
l oss  decreases. 
Tool s h i f t  - The e f f e c t  o f  operat ing a p i n i o n  f a b r i c a t e d  w i t h  a l a r g e  
t o o l  s h i f t  w i t h  a standard gear I s  shown i n  F ig.  8. I n  t h i s  case even though 
the  contact  r a t i o  decreases the re  s a s u b s t a n t i a l  increase i n  power l oss ,  
con t ra ry  t o  the t rends found above The h igher  losses a re  caused by s h i f t i n g  
the  standard load p a t t e r n  from i t s  symmetric p o s i t i o n  around the  p i t c h  p o i n t  
as shown i n  Fig. 9(a)  t o  a l o c a t i o n  t h a t  i s  skewed toward the  recess s ide  o f  
t h e  path o f  contact  as shown i n  F ig .  9(b)  (gear geometry based on gear L ) .  
This r e s u l t s  i n  a d d i t i o n a l  power loss due t o  t h e  occurence o f  h igher  loads a t  
p o i n t s  o f  higher s l i d i n g  v e l o c i t y .  
app ly ing  p o s i t i v e  t o o l  s h i f t  t o  t h e  p i n i o n  and an equal amount o f  negat ive t o o l  
s h i f t  t o  t h e  gear ( l o n g  and sho r t  addendum gears).  
One curve shows t h e  e f f e c t s  o f  simply extend- 
Also shown i n  F ig .  8 a re  the  r e s u l t s  o f  
The r e s u l t s  are the same 
f o r  t he  same reasons. Use o f  t o o l  s h i f t  as descr ibed above r e s u l t s  i n  what 4s  
commonly re fe r red  t o  as recess a c t i o n  ( R A )  gears. RA gears a re  genera l l y  
considered t o  be more e f f i c i e n t  than standard gears (13,17-19), con t ra ry  t o  
what was found here. This 1s o f t e n  a t t r i b u t e d ' t o  t h e  s l i d i n g  f o r c e  vector  
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a s s i s t i n g  r o t a t i o n  du r ing  the  recess phase. Tooth load ing  i s  p red i c ted  t o  be 
h igher  i n  the  approach phase than I n  recess due t o  the  reve rsa l  o f  t he  d i r e c -  
t i o n  of t he  f r i c t i o n a l  s l i d i n g  force when moving through t h e  p i t c h  p o i n t .  
f o r c e  balance o f  t he  t e e t h  i n  mesh such as t h a t  done by M a r t i n  (18) shows how 
A 
the  s l i d i n g  fo rce  adds t o  the  normal load  i n  approach and subt rac ts  i n  recess. 
Considerat ion o f  t h i s  s l l d i n g  fo rce  s l i g h t l y  increase the  losses du r ing  the  
approach phase and reduce them dur ing the  recess phase bu t  o v e r a l l  t he  reduc- 
t i o n  i n  losses extremely smal l .  
taneous losses f o r  gear L modi f ied f o r  a l l  recess a c t i o n  are  ca l cu la ted  t w o  
This can be seen i n  F ig .  10 where the  ins tan-  
ways 1) method us ing  Eqs.  1-7 and 2)  method descr ibed i n  (18) t h a t  considers 
the  reve rsa l  o f  the  s l i d i n g  fo rce .  The reduc t ion  i n  l oss  due t o  the  reversa l  
o f  t h e  s l i d i n g  fo rce  i s  too  smal l  t o  o f f s e t  the de t r imenta l  e f f e c t  o f  load 
s h i f t  p rev ious l y  discussed. 
Diameter and r a t i o  - I n  F ig .  11 and 12  the e f f e c t s  o f  gear diameter and 
Neither v a r i a b l e  apprec iab ly  a f f e c t s  contac t  r a t i o  on power l oss  a re  shown. 
r a t i o .  
Above 16 cm, f o r  t h i s  app l i ca t i on ,  power l oss  begins t o  r i s e  again due t o  
Power loss can be decreased by us ing  a l a r g e r  diameter gear t o  a p o i n t .  
increased r o l l i n g  and windage loss.  I f  r a t i o  i s  increased w h i l e  center  d i s -  
tance i s  maintained a t  12.7 cm, power loss increases d ramat i ca l l y .  The p i n l o n  
decreases i n  diameter as the  gear increases. This s i t u a t i o n  causes increased 
s l l d i n g  v e l o c i t i e s  and thus increased power loss .  
Contact r a t i o  - I n  F ig.  13 the e f f e c t  o f  con tac t  r a t i o  on power l oss  i s  
A smooth t r a n s i t i o n  i n  power loss  shown u t i l i z i n g  the  data discussed above. 
i s  apparent as the  contac t  r a t i o  passes through two i n d i c a t i n g  convergence o f  
t h e  so lu t i ons  f rom Eqs .  6 and 7. High contact  r a t i o s  were main ly  obtained by 
addendum e longat ion  through an increase i n  AR and by decreasing the  pressure 
angle.  Other parameters had l i t t l e  a f f e c t  on contact  r a t i o .  I t  i s  apparent 
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t h a t  power l o s s  increases i n  going from l o w  t o  h igh  contac t  r a t i o .  
severa l  o ther  parameters can sharp ly  increase losses w i thou t  changing contac t  
r a t i o  such as d iamet ra l  p i t c h ,  diameter and r a t i o .  I t  cannot be sa id  I n  
general  t h a t  inc reas ing  contact  r a t i o  r e s u l t s  i n  h igher  losses b u t  r a t h e r  the  
changes i n  power l oss  i s  dependent on the  method o f  changing contac t  r a t i o .  
H I G H  CONTACT R A T I O  GEARS 
However, 
I n  ( 1 6 )  Staph analyzed s i x  gearsets i n c l u d i n g  two low contac t  r a t i o  ( 1 . 8 )  
and f o u r  HCR ( 2 . 2 - 2 . 4 )  v a r i a t i o n s .  
The gear geometries a re  shown i n  Table I. The method descr ibed here was used 
t o  c a l c u l a t e  the power l oss  o f  these gears as f u n c t i o n  o f  torque a t  t he  speed 
Staph selected, 3000 rpm (16) .  
a r b i t r a r i l y .  The r e s u l t s  a re  shown i n  F ig .  14 .  Gear L was found t o  be the  
most e f f i c i e n t  low contac t  r a t i o  gearset and was thus se lected as the  base l ine  
gearset  I n  t h i s  i n v e s t l g a t i o n  as s ta ted  e a r l i e r .  O f  t he  two low contac t  r a t i o  
gears, t he  coarser p i t ched  gear F had the  lower bending s t ress  (see t a b l e  I). 
Gear L, although s i g n i f i c a n t l y  more e f f i c i e n t ,  had an unacceptable bending 
s t ress  o f  0.57 GPa (83  000 p s i )  due t o  the  smal l  f i n e  p i t ched  tee th .  
HCR gears, gears H, G and M had acceptable s t ress  l e v e l s .  
t i a l l y  gear L w i th  a s l i g h t l y  longer  addendum. 
i s  g rea te r  than two the  normal loads are  decreased and thus the  bending and 
compressive stresses were lower than gear L b u t  s t i l l  q u i t e  h igh.  
F ig .  14 ,  gear K has the  lowest power loss  of a l l  gears except L. 
n e i t h e r  of these gears have s t ress  l e v e l s  t h a t  would permi t  opera t ion  a t  these 
torque l e v e l s  f o r  any l eng th  of t ime. Of t he  remaining HCR gears, gears G 
and H had power l oss  on ly  s l l g h t l y  g rea ter  than gear F. 
l oss  comparable t o  gear F a t  f u l l  load b u t  much g rea te r  l oss  a t  p a r t  load due 
A l l  were s ized f o r  t he  same a p p l i c a t i o n .  
An o i l  v i s c o s i t y  o f  30 cp. was se lected 
O f  t he  
Gear K i s  essen- 
Since the  contac t  r a t i o  o f  K 
A s  shown i n  
However, 
Gear M had a power 
t o  i t s  r e l a t i v e l y  l a r g e  diameter. This rank ing  o f  t he  gear losses i s  con- 
s i s t e n t  w i t h  what Staph found i n  Ref .  16 even though the  magnitudes a r e  n o t  the 
same. Since Staph d i d  no t  consider r o l l i n g  o r  windage losses h is  l oss  est imate 
f o r  gear M was much lower than shown here.  The r o l l i n g  and windage losses are  
q u i t e  s i g n i f i c a n t  f o r  gear M as shown i n  F ig .  14 r e s u l t i n g  i n  h igh  t a r e  losses 
( losses independent o f  torque) .  When these losses a re  included, the  advantage 
of us ing  the  l a r g e r  diameter gear i s  d imin ished f o r  a p p l i c a t i o n s  t h a t  r e q u i r e  
ex tens ive  opera t ion  a t  l ess  than f u l l  load. 
From t h i s  ana lys is  It appears t h a t  t h e  HCR gear H would be, o v e r a l l ,  t he  
best  design o f  t h e  s i x  analyzed by Staph. I t s  s t ress  l e v e l s  a re  about 12 per-  
cen t  lower than gear F, t he  best  l o w  contac t  r a t i o  gearset,  w h i l e  i t s  p red ic ted  
losses a r e  about 15  percent  h igher .  Th is  suggests t h a t  i f  c a r e f u l l y  designed, 
HCR gears can prov ide  lower operat ing s t resses than t h a t  o f  a corresponding low 
contac t  r a t i o  gear w h i l e  n o t  g rea t l y  s a c r i f i c i n g  e f f i c i e n c y .  
I n  Ref. 7 a s i m i l a r  study was performed on candidate designs f o r  he l i cop-  
t e r  main t ransmiss ion gears t o  determine t h e i r  s u i t a b i l i t y  f o r  a i r c r a f t  use. 
The spur gear designs se lected f o r  t e s t i n g  a re  shown i n  Table 11 ( h e l i c a l  gears 
were a l s o  i nves t i ga ted ) .  
a t  K- fac to rs  t o  1200 and a p i t c h  l i n e  v e l o c i t y  o f  15.2 m/sec (3000 fpm, 
1910 rpm) as shown i n  F ig.  15.  The gearset w i th  the best  e f f i c i e n c y  was the 
f i n e  p i t ched  gear 30 w i t h  an extended addendum and w i t h  a r a t h e r  low pressure 
angle o f  17'. This HCR gear had a weaker t o o t h  form than t h a t  o f  the  
standard gear and lower p red ic ted  losses, main ly  due t o  i t s  f i n e r  p i t c h  (see 
F ig.  5(a)) .  Although the  HCR gears were n o t  tes ted  f o r  e f f i c i e n c y  i n  Ref. 7, 
HCR gear 31 d i d  exper imenta l ly  demonstrate an increase i n  load c a r r y i n g  capa- 
b i l i t y  r e l a t i v e  t o  standard gear 29 due t o  the  increased load shar ing.  I t s  
p red i c ted  power l oss  shown i n  F ig .  15  i s  on ly  s l i g h t l y  g rea ter  than t h a t  o f  
gearset  29. 
The method descr ibed above was app l i ed  t o  the  gears 
Thus again i t  appears t h a t  a h igher  load capac i ty  HCR gearset  can 
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be designed t o  rep lace  a standard, low contac t  r a t i o  gearset w i thou t  a major 
s a c r i f i c e  i n  e f f i c i e n c y .  
R I G I D  VERSUS FLEXIBLE TOOTH LOADS 
To th i s  p o i n t  t o o t h  loads have been ca l cu la ted  based on the  r i g i d  t o o t h  
load p a t t e r n  shown i n  F ig .  1. I n  Ref .  16 loads were ca l cu la ted  based on t o o t h  
d e f l e c t i o n  ca l cu la t i ons  and, i n  Ref. 7,  measured w l t h  s t r a i n  gages. These load 
pa t te rns  do no t  show abrupt  changes as the  t e e t h  come i n  and ou t  o f  mesh bu t  
r a t h e r  a steady r i s e  f r o m  no load t o  f u l l  load and back t o  no load. The c a l -  
cu la ted  load p a t t e r n  f o r  gear G i s  compared t o  the  r i g i d  p a t t e r n  i n  F ig .  16. 
Ca lcu la t ions  based on t h i s  load p a t t e r n  showed a s i g n i f i c a n t  d i f f e r e n c e  i n  
power l oss  s lnce the  loads a re  very low a t  the p o i n t s  o f  h igh  s l i d i n g .  This i s  
because the too th  load p a t t e r n  i s  concentrated near the  p i t c h  p o i n t  o f  the  
de f l ec ted  too th  where the  s l i d i n g  v e l o c i t i e s ,  hence, power losses a re  lower.  
Th is  can be seen i n  F ig .  1 7  which shows the  instantaneous power l oss  d i s t r l b u -  
t i o n  f o r  the  f l e x i b l e  gear i s  both lower i n  magnitude and more narrowly  d l s -  
t r l b u t e d  than the  r i g i d  gear. The r i g i d  t o o t h  pa t te rns  assumed i n  t h i s  
ana lys i s  g ive a common base f o r  comparison o f  low and HCR gears, bu t  appear t o  
overest imate the  expected l o s s e s .  
SUMMARY 
The prev ious ly  developed method f o r  c a l c u l a t i n g  power l oss  o f  standard 
spur gears was extended t o  i nc lude  nonstandard geometry o f  gears w i t h  elongated 
o r  shortened addendum. Addendum mod i f i ca t i on  by c u t t e r  e longat ion  o r  t oo l  
s h i f t  was t rea ted  as w e l l  as opera t ion  of t h e  gears a t  nonstandard center  
d is tances.  
and t h e i r  e f fec ts  on power l o s s .  
lyzed f o r  power l oss .  
i n v e s t  i g a t  i on: 
Emphasis was placed on methods t o  o b t a i n  h igh  contac t  r a t i o  gears 
HCR gears designed by two sources were ana- 
The f o l l o w i n g  conclusions can be drawn from t h i s  
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1) Higher load capac i ty  HCR gears can be designed t o  rep lace  standard 
gears w i t h  a modest increase i n  pred ic ted  power l oss .  
2) Addendum e longat ion  and pressure angle reduc t i on  are  the  most e f f e c -  
t i v e  means o f  i nc reas ing  contac t  r a t i o  w i t h  a corresponding increase i n  power 
l oss .  Use o f  f i n e  p i t ched  gears i s  less  e f f e c t i v e  i n  i nc reas ing  contac t  r a t i o  
bu t  prov ides a smal l  reduc t i on  i n  power l oss .  
3)  Changes i n  center  d is tance or  smal l  changes i n  t o o l  s h i f t  have r e l a -  
t i v e  minor e f f e c t s  on bo th  contac t  r a t i o  and power l o s s .  However, l a r g e  
increases i n  t o o l  s h i f t  t o  produce long and sho r t  addendum or  recess a c t i o n  
gears w i l l  cause an increase i n  p red ic ted  power l oss .  
4) A reduc t i on  i n  t h e o r e t i c a l  power loss  i s  obta ined when t o o t h  d e f l e c -  
t l o n s  a r e  considered. 
5)  Power l o s s  can be reduced by us ing  l a r g e r  diameter gears u n t i l  r o l l i n g  
and windage losses begin t o  dominate. Increases i n  gear reduc t i on  r a t i o  a t  a 
cons tan t  cen ter  d l s tance  cause a subs tan t ia l  inc rease i n  power l oss .  
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TABLE I. - GEAR GEOMETRY AND OPERATING CONDITIONS 
OF STAPH'S GEARS [16 ]  
Parameter 
Number o f  t e e t h  
O lamet ra l  p l t c h  
Pressure a n g l e  
Dlameter. cm 
Face width. cm 
Con tac t  r a t i o  
Addendum r a t i o  
Tool  s h i f t  r a t l o  
K - f a c t o r  a t  487 N-m 
P i t c h  l l n e  v e l o c l t y ,  m/s 
Maxlmum bend. s t r e s s .  GPa 
Maxlmum comp. s t r e s s ,  GPa 
p s l / l  oooa 
ps I /1 oooa 














































a C a l c u l a t e d  by Staph I n  [16 ] .  
TABLE 11. - GEAR GEOMETRY OF BOEING 
VERTOL GEARS [ 7 ]  
[ l o 0  p e r c e n t  t e s t  l o a d  = 829 N-M (7338 I n . - l b ) ,  
gear  r a t l o  = 1.0.1 
Parameter 
Number o f  t e e t h  
O lamet ra l  p l t c h  
Pressure a n g l e  
Olameter, cm 
Face w ld th ,  cm 
Con tac t  r a t l o  
Addendum r a t l o  
Tool  s h l f t  r a t l o  
K - f a c t o r  a t  829 N-I4 
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(a) Contact ratio between one and two. 
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(b) Contact ratio between two and three. 
Figure 1. - Tooth normal load distribution. 
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Figure 4. - Effect of addendum ratio on specific sliding. 












(a) Power loss as funct ion of diametral p i tch 
or pressure angle. 
1. 0 
0 15 30 45 
DIAMETRAL PITCH OR PRESSURE ANGLE, deg 
(b) Contact rat io as funct ion of diametral p i tch 
or pressure angle. 
Figure 5. - Effect of diametral p i tch and pressure 
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I I 1 
(a) Power loss as function of tool shift ratio. 
TOOL SHIFT RATIO = (ACTUAL TOOL SHIFT) x 
(DIAMETRAL PITCH) 
(b) Contact ratio as function of tool shift ratio. 









(a) Standard gear, no tool shift. 
- 
1 -  / 
/ 
1 
(b) Full recess action gear. 
Figure 9. - Load distribution and sliding 
velocity of recess action gears as com- 
pared to its standard counterpart. 
STANDARD LOAD P A l l E R N  












DISTANCE ALONG PATH OF CONTACT, mm 
Figure 10. - instantaneous power loss of a 
fu l l  recess action gear, 
DIAMETER, cm 
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Figure 12. - Effect of gear rat io on  power loss. Center 
distance was held constant at  12.7 crn. 
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(a) Extended addendum, pressure angle and dia- 
metral pitch. 
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(b) Gear ratio, diameter, center distance and tool 
shift. 
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Figure 14. - Power loss of Staph's gears (see table I) at  a constant 
speed of 3OOO rpm and oil viscosity of 30 cp. 
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Figure 15. - Power loss of gears analyzed in I71 a t  1910 
rpm and a n  oil viscosity of 30 cp. 
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DISTANCE ALONG PATH OF CONTACT, mm 
Figure 16. - Comparison of tooth load patterns assuming rigid 
and flexible teeth. 
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(a) Completely r ig id teeth. 
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DISTANCE ALONG PATH OF CONTACT, mm 
(b) Flexible teeth. 
Figure 17. - Instantaneous efficiency based on load 
patterns for r ig id and flexible teeth. Data is  for gear 
G (see table I) at 3000 rpm, 4&. 6 N-m (4307 in. 4b), 
and o i l  viscosity of 30 cp. 
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